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The heat conduction problem is solved for an e lec t r ica l ly  heated tube with a cylindrical  
groove on the outside surface.  The thermal  flux over the inside surface is calculated as 
a function of the geometr ica l  pa ramete r s .  

In order  to va ry  the thermal  flux over  the length of a heated tube in hydraulic and hea t - t r ans fe r  ex-  
per iments  with a boiling liquid in heated tubes, one often r e so r t s  to varying the thickness of the hea t -con-  
ducting wall. Thus, for example, a local heat r i s e r  is simulated by cutting a cylindrical  groove around the 
outside surface of a tube [1, 2]. 

In evaluating the test resul ts ,  it is usually assumed that the thermal  flux changes at the groove step-  
wise,  i .e. ,  the lengthwise heat leakage along the tube wall is not taken into account. 

In this ar t icle  we will analytically calculate the thermal  fluxes t ransmit ted to a boiling liquid at the 
groove region. F r o m  these resul ts  we can then es t imate  the maximum thermal  flux under a groove as well 
as the var ia t ion of the thermal  flux along the tube. 

We consider an infinitely long tube with an inside radius R 0 and an outside radius R1, turned down to 
a radius R 2 {R 0 < R 2 < R1) over a tube segment  of a length 2L. The outside surface of the tube is thermal ly  
insulated, while the inside surface is maintained at a constant tempera ture  T 0. It is assumed that the vol -  
ume ra te  of heat generation, which is constant ac ross  a wall section, changes stepwise at the groove edge. 
It is also assumed that the thermal  conductivity ~ of the mater ia l  does not depend on the temperature .  

With the z-coordinate  along the tube axis and the origin of coordinates at the groove edge, we have 
the following equations for the tempera ture  field in the wall: 

1 0 ( R  OT, ~ 02T~ = _  q~,~ 
--~" o--Y, - g k - ]  + oz~- x ' (1) 

where i = 1 for the seamless  tube and i = 2 for the grooved segment.  

After a change to dimensionless  var iables  according to the formulas  

R Z - z 0 = (r  - -  To) 
r ----- R1 - -  R0' R1 - -  R - - - - ~ '  q~l (Rx - -  R0)* (2) 

Eqs. (1) become for the seamless  tube 

and for  the grooved segment  

1 o (r oo1  o lo1__1 ,  (3) 
7 "  Or \ Or ] + az~ - 

1 0 [ OO~ '/ a2~ 
- - . - -  r + = - - e 2 ,  (4) 
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w h e r e  

~ =  qo__~. ~ - ~  (5) 
qol R~ - -  R~ " 

Considering that the quantity of heat generated per unit volume is proport ional to the e lect r ic  current 
density squared at a given section, we obtain f rom (2) and (5) the fol lowing expression 

r~ - 4 
- 2 2 ' ( 6 )  

r2 - -  r0 

fo r  the p a r a m e t e r  e, which is equal to the r a t io  of a sympto t i c  t h e r m a l  f luxes  at the ins ide  s u r f a c e  under  a 
g roove  (in the case  of an inf ini te ly  long g rooved  segments )  and at the ins ide of a s e a m l e s s  tube, r e s p e c -  
t ively.  

Taking advantage of the s y m m e t r y  in this p rob lem,  s y m m e t r y  with r e s p e c t  to the g roove  cen te r ,  we 
wr i t e  the bounda ry  condi t ions  fo r  Eqs ,  (3) and (4) as 

O].I  . . . .  = 02] . . . .  = 0 O010r . . . .  = O020r . . . .  = O ,  

(7) 

z~o 00~ 001 --~ O, = O, 
O Z Oz z=~ 

w h e r e  

L 
l =  

The condi t ion that  the t e m p e r a t u r e s  m u s t  be equal  and the t h e r m a l  f luxes m u s t  be equal  at the g roove  
bounda ry  y ie lds  

01lz=~ 02]z=~ 001 002 z=o = -- r o ~ r -< r~, (8) 
' OZ z=0 OZ 

O0~ = 0 r 2 < r r 1 , (9) 
OZ zo= 

A solu t ion  to the p rob l e m  thus s ta ted  wil l  be sought  in the f o r m  of a s e r i e s  in e igenfunc t ions  which 
s a t i s fy  the fol lowing r e l a t ions :  

1 e__ ( r  du'n "/ ~ dr ]r=r~ O, (10) ~ -  " dr ~. dr ] -j- pinUi~ = O, u~n [ . . . .  = O, dui~ I = 

where  i = 1 fo r  the s e a m l e s s  t u b e  s e gm e n t  and i = 2 for  the g rooved  segmen t ;  the e igenfunct ions  of p ro b l e m 
(10) a re  e x p r e s s e d  in t e r m s  of B e s s e l  funct ions  of the f i r s t  and the second  kind: 

u ~  :-  Jo (~i~ r) Y1 (~t~nr ~) ~, }to (lx~n r) J1 ( ~ , f  i) (11) 

i = 1 ,  2, n = l ,  2, 3, . . . ,  

while  the e igenva lues  Pin s a t i s fy  the equat ion  

JoOi~ro)  Y1 (,ui,~rl) - -  J1 (Pi~q) Yo (Pinro) = 0. (12) 

If the t h e r m a l  f lux at the g roove  edge is r e p r e s e n t e d  by a s e r i e s  of e igenfunc t ions  Uln with u n d e t e r -  
mined coef f ic ien ts  an,  

O010Z " z = o  

s a,~ul~ ,  r o ~ r ~ ,  r 2, 

O, r 2 - ~ r  ~ Q ,  

(13) 

then,  by  v i r tue  of condi t ions  (8)-(9) and with the c o n s i d e r a t i o n  of the las t  two equat ions  in (7), we obtain 
the fol lowing infinite s y s t e m  of equat ions  for  de t e rmin ing  the coef f ic ien t s  an:  

oo ~ rz r ,  

a1 ~ u:Kul,~rdr u2ju l , fdr  + aK flu:K]12 cth (~:#) _ k~n 

= r~ r o n ~ l  

r2 
e~k2K 

ro 

(14) 
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Fig .  1. D i s t r i b u t i o n  of r e l a t i v e  t h e r m a l  f lux  q o v e r  
the i n s i d e  s u r f a c e  of a tube wi th in  the g r o o v e  r e g i o n .  
a) l = 0.5; b) l = 4: 1) e = 1.35; 2) 1.5; 3) 2.0; 4) 3.0. 
Sol id  c u r v e s  r e f e r  to r 0 = 1; d a s h e d  c u r v e s  r e f e r  to 

r 0 = 9 .  

w h e r e  

k = l ,  2, 3 . . . . .  

r i r2 r= 

ilu,~ j' k , .  = = 
t -  o r o r o 

and the e x p r e s s i o n  fo r  the  d i m e n s i o n l e s s  t e m p e r a t u r e  b e c o m e  

, =  , . ,  + - 

= = ~2~ - -  ~ n  ~1~ J ~1~ [tul~l] ~ 

(15) 

, (16) 

a o  

" sh ( ~ I )  ~ ,  ~ 11.~11 ~ 

D i f f e r e n t i a t i n g  (16) and (17) wi th  r e s p e c t  to  r and i n s e r t i n g  r = r 0 wi l l  y i e ld  e x p r e s s i o n s  fo r  the  d i -  
m e n s i o n l e s s  t h e r m a l  f luxes  at  the  i n s i d e  of a tube.  

Th i s  p r o b l e m  w a s  s o l v e d  n u m e r i c a l l y  on a c o m p u t e r .  The  e i g e n v a l u e s  w e r e  found f r o m  Eq.  (12) by  
the  me thod  of s t e e p e s t  decen t ,  w i th in  an a b s o l u t e  a c c u r a c y  of 10 -6. In  s e r i e s  (13) we r e t a i n e d  a f in i t e  n u m -  
b e r  of t e r m s ,  and then  r e d u c e d  s y s t e m  (14) to  a f in i t e  s y s t e m  of equa t i ons  l i n e a r  wi th  r e s p e c t  to the u n -  
known c o e f f i c i e n t s  a n . 

The  r e s u l t s  shown h e r e  have  b e e n  ob ta ined  by  r e t a i n i n g  the f i r s t  10 t e r m s  of s e r i e s  (13), su f f i c i en t  
to hold the  m a x i m u m  e r r o r  in  the  c a l c u l a t e d  t h e r m a l  f lux  at the  i n s i d e  s u r f a c e  wi th in  1%, as  has  b e e n  v e r i -  
f ied  by  s a m p l e  c a l c u l a t i o n s  wi th  double  the n u m b e r  of r e t a i n e d  t e r m s .  

The  c a l c u l a t e d  r e s u l t s  w e r e  p lo t t ed  in  t e r m s  of the r e l a t i v e  t h e r m a l  f lux  g i v e n  by  the e x p r e s s i o n :  

~-= ~ = 2r_____s . O0 ] (18) 
qx= r0 + q T . . . . .  ' 

wi th  q l ~  denot ing  the a s y m p t o t i c  t h e r m a l  f lux  at  a s u f f i c i e n t l y  f a r  d i s t a n c e  f r o m  the g r o o v e .  

In  F ig .  1 we show the c a l c u l a t e d  l ong i t ud ina l  d i s t r i b u t i o n s  of t h e r m a l  f lux  o v e r  the i n s i d e  s u r f a c e  of 
a tube wi th  a n a r r o w  g r o o v e  (l = 0.5) and wi th  a wide g r o o v e  (/ = 4) fo r  v a r i o u s  v a l u e s  of e. 

It can  be s e e n  in  F ig .  1 that  the t h e r m a l  f lux  v a r i e s  s m o o t h l y  f r o m  i t s  m a x i m u m  at the g r o o v e  o v e r  a 
s e g m e n t  l eng th  equa l  to double  the tube w a l l  t h i c k n e s s  (within - 0 . 5  ~ z -< 0.5) and that  the  s l o p e  of the c u r v e s  
i n c r e a s e s  a s  the  g r o o v e  b e c o m e s  l e s s  c y l i n d r i c a l ,  i . e . ,  as  r 0 i n c r e a s e s .  A c c o r d i n g  to F ig .  2, w h e r e  the  
c a l c u l a t e d  m a x i m u m  t h e r m a l  f lux  o v e r  a g r o o v e  i s  shown as  a func t ion  of the g r o o v e  wid th  at v a r i o u s  v a l u e s  
of r 0 and e,  the m a x i m u m  t h e r m a l  f lux  o v e r  a g r o o v e d  s e g m e n t  m a y  d i f f e r  c o n s i d e r a b l y  f r o m  the a s y m p t o t i c  
t h e r m a l  f lux  fo r  an i n f i n i t e l y  wide  g r o o v e .  

A l r e a d y  when  the g r o o v e  width  i s  equa l  to double  the w a l l  t h i c k n e s s ,  the m a x i m u m  t h e r m a l  f lux  d e -  
c r e a s e s  o c c a s i o n a l l y  to l e s s  than 10% be low the t h e o r e t i c a l  va lue  which  does  not  account  fo r  l eng thwi se  h e a t  

l e a k a g e .  
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Fig.  2. M a x i m u m  t h e r m a l  f lux q over  the ins ide  s u r f a c e  of a tube, at the g roove  cen te r ,  as 
a funct ion of the length of the g rooved  s e g m e n t  l. a) r 0 = 9; b) r 0 = 1: 1) e = 1.35; 2) 1.5; 3) 
2.0;  4) 3.0. 

Fig.  3. Re la t ive  dev ia t ion  of the m a x i m u m  t h e r m a l  f lux over  a g roove  (e - q ) / ( e  - 1), as a 
funct ion of  the g roove  depth p a r a m e t e r  ~. a) r 0 = 1; b) r 0 = 9: 1) l = 0.5; 2) 1.0; 3) 1.5; 4) 
2.25; 5) 4.0.  

The d i f fe rence  be tween  the m a x i m u m  value  of t h e r m a l  flux over  a g roove  and its a s y m p t o t i c  value 
(e - q ) / ( e  - 1) d e c r e a s e s  as the g roove  depth p a r a m e t e r  i n c r e a s e s  (Fig. 3). 

These  ca lcu la t ions  show that,  when ana lyz ing  h e a t - t r a n s f e r  e x p e r i m e n t s  for  a s tudy of local  sho r t  
r i s e r s ,  it is n e c e s s a r y  to take into account  the lengthwise heat  leakage f r o m  the wall  of the l e s t  s egmen t .  

N O T A T I O N  

a is the coef f ic ien t ;  
2L is  the g roove  width; 
2l is the d i m e n s i o n l e s s  g r o o v e  length; 
R is the r ad ius ;  
r is the d i m e n s i o n l e s s  r a d i u s ;  
qv is  the dens i ty  of vo lume  hea t  s o u r c e s ;  

T is  the t e m p e r a t u r e ;  
u 1 a r e  the  e igenfunct ions ;  
z is  the coord ina te  along tube axis;  
Z is  the d i m e n s i o n l e s s  coord ina te  along tube axis;  

is  the g roove  depth p a r a m e t e r ;  
k is the t h e r m a l  conduc t iv i ty  of tube wall  m a t e r i a l ;  
p a r e  the e igenva lues ;  
0 is the d i m e n s i o n l e s s  t e m p e r a t u r e .  

1 ,  

2. 
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